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VIA SYMPLECTIC TECHNIQUES 
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Abstract. We apply techniques from symplectic geometry to extend and give 
a new proof of the complex convexity theorem of Gindikin-Krotz. 



1. Introduction 

Let G be a semisimple Lie group and G = NAK be an Iwasawa decomposition. 
Let X c a = Lie(A) be such that Spec(adX) C] — f, f[ and set a = exp(iX). It is 
known that Ka C Ac Ac Ac- The main result of this paper asserts that 

(1.1) Q\oga(Ka) = conv(W.X) . 

Here a : NcAcKc — * Ac denotes a middle projection and conv(W.A) stands for 
the convex hull of the Weyl group orbit W.X. We note that the inclusion " C" in 
(11.11) is the complex convexity theorem from ^ . 

We prove (|l.l|l with symplectic methods. As a byproduct we obtain interest- 
ing new classes of compact Hamiltonian manifolds and Lagrangian submanifolds 
thereof. 

Let us now be more specific about the used techniques. We first consider the 
case where G is a complex group. In this situation we show that Be = Ac Ac 
carries a natural structure of a Poisson Lie group. Locally, we can identify Be 
inside of Gc/Kc and consequently we obtain a local action of Gc on Be- Within 
this identification the symplectic leaf P a through a = exp(iX) 6 Be becomes a local 
-Kc-orbit. Interestingly, the symplectic form on P a remains non-degenerate on the 
totally real A"-orbit M a C P a . We then exhibit a Hamiltonian torus action on the 
compact symplectic manifold M a and show that that (|l.lfl becomes a consequence 
of the Atiyah-Guillemin-Sternberg convexity theorem. Finally, the general case of 
arbitrary G can be handled by descent to certain Lagrangian submanifolds Q a C M a 
by means of the recently discovered convexity theorem . 



2. Notation and basic facts 

In this section we recall some basic facts about semisimple Lie algebras and 
groups. We make an emphasis on the complexified Iwasawa decomposition. Fur- 
thermore we review some standard facts on the double complcxification of a semisim- 
ple Lie algebra. 
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2.1. Iwasawa decomposition and complex crown. We let g denote a semisim- 
plc Lie algebra and let g = t + p be a Cartan decomposition of g. For a maximal 
abelian subspace a of p let £ = £(g, a) C a* be the corresponding root system. 
Then q admits a root space decomposition 

= affim© 0fl Q , 

where m = 3 t (a) and g Q = {X G g : (VH G a) = a(if)X}. 

For a fixed positive system S + define n = Q • Then we have the Iwasawa 

decomposition on the Lie algebra level: 

= n © a© t. 

For any real Lie algebra [ we write lc for its complexification. 

In the following Gc will denote a simply connected Lie group with Lie algebra 
0C- We write G, K 7 Kc, A, Ac, N and Nc for the analytic subgroups of Gc corre- 
sponding to the subalgebras 0, 6, tc, a, Oc, tt and nc , respectively. 
The Weyl group of S can be defined by W = N K (a)/Z K (a). 

Following £Q we define a bounded and convex subset of a that plays a central 
role: 

(2.1) n = {X e a : \a(X)\ < J Va £ E}. 

With we define a G — i^c-double coset domain in Gc by 

S = Gexp(iil)ifc • 

Also we write 

5 = E/K C 

for the union of right i^c-cosets of S in the complex symmetric space Gc/Kc- We 

refer to 3 as the complex crown of the symmetric space G/K. Notice that 5 is 

independent of the choice of a, hence generically defined through G/K. 

It is known that S is an open and G-invariant subset of NqAqKc (cf. [7] for a short 

proof). 

Next we consider the open and dense cell NcAcKc Q Gc in more detail. Define 
F = Kc n Ac and recall that F = K n exp(ia) is a finite 2-group. Standard 
techniques imply that the mapping 

(2.2) Afc x [A c x F K c ] — A^c^C^c, (n, [a, fc]) ^ nafc 

is a biholomorphism. In particular ill'. 21 induces a holomorphic map n : A^c^lc^c — * 
A^c and a multi- valued holomorphic mapping 3 : ./Vc-Ac-f^c ~~ * such that x G 
n(a;)o(a;)i ; Cc for all a; G A'c^c^c- 

Set £?c = A^c^c- Clearly, be = ac + nc is the Lie algebra of Be- We define a 
multi-valued holomorphic map b : NcAcKc — * Be by b(x) = n(x)a(x). 

Recall that 5 is contractible, and hence simply connected. It follows that the 
restriction a\~ has a unique single- valued holomorphic lift log a : 5 — * ac such that 
log 5(1) = 0. Consequently, b\~ lifts to a single-valued holomorphic map S — ■> Be 
which shall also be denoted by b. 



COMPLEX CONVEXITY THEOREM 



3 



2.2. Double complexiflcation of a Lie algebra. For the remainder of this sec- 
tion we will assume that q carries a complex structure, say j. Then g can be viewed 
as the complexification of its compact real form 6 and the Cartan decomposition 
becomes g = t + jt. The Cartan involution 9 on q coincides with the complex 
conjugation": 0^0 with respect to 6. 

A second complexihcation yields 0c, which carries another complex structure i : 
0c — > 0C- 

The following map ip defines a real Lie algebra isomorphism. 

(^:0 C ^0X0, X + iY ~ (X+jY,X+jY). 
Under ip we have the following identifications: 

(2.3) fi c = {(Z,Z):Ze 9 } 1 

(2.4) a c = {{Z,-Z):Z&a + ja}, 

(2.5) n c = {(X+jY,9(X-jY)) : X,Y G n} = n x n, 
where n = 0_ QeE+ Q . 

3. The complex convexity theorem for complex groups 

The objective of this section is to provide a symplectic proof of the complex 
convexity theorem in the case of G complex. If G is complex, then we can endow 
Be with a natural structure of a Poisson Lie group. The symplectic leaves be- 
come local i^c-orbits. We show that the totally real if-orbit in each leaf is again a 
symplectic manifold. With that we obtain compact symplectic manifolds with ap- 
propriate Hamiltonian torus actions. The complex convexity theorem then becomes 
a consequence of the Atiyah-Guillemin-Sternberg convexity theorem. 

3.1. The Poisson Lie group Be- Throughout this section denotes a complex 
semisimple Lie algebra. Our first task is to define a bilinear form (, } on 0c = x 
which gives (0c, be, 6c) * ne structure of a Manin triple. To that end let k be the 
Killing form of the complex Lie algebra 0. Then define on 0c = x a bilinear 
form by 

((X, Y), {X 1 , Y')) = &k(X, x') - Rk(y; y') 
for (X,Y),(X',Y')G 0C . 

Proposition 3.1. The bilinear form (, } on 0c = x has the following properties: 

(i) (,) is symmetric, non- degenerate and Gc -invariant. 

(ii) <bc,bc> = {0} and (t c ,tc> = {0}. 

Proof, (i) is immediate from the definition. Moving on (ii) we observe that the 
relations (tc, 6c) = {0} and (ac, ac) = {0} are straightforward from the identifica- 
tions (2.3)-(2.5). Finally, the fact that root spaces a and 0^ are K-orthogonal if 
a + (3 / implies (n c , a c + n c ) = {0}. □ 

Notice that Proposition 3.1 just says that (,) turns (0c, be, 6c) into a Manin 
triple. Accordingly Be becomes a Poisson Lie group whose symplectic leaves are 
local -K"c-orbits (cf. 0). Here we shall only be interested in the leaves through 
points a = cxp(iX) for X 6 £1. Denote the leaf containing a by P a . Then 

P a = {b{ka) EB C : k G K c ,kae N c A c K c }a , 
where {-}o refers to the connected component of {•} containing a. 
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For an element Z G 6c we write Z for the corresponding vector field on P a , i.e. 
if b = b(ka) G P a , then 

Z b = 4- b{exp(tZ)ka) . 
dt t=o 

Write pr tc : g. • 6c and pr bc : g • I 1 : for the projections along be, resp. 6c- 
We notice that T b P a = {Z b : Z G 6c}- The symplectic form uj on P a is then 

given by 

(3.1) 

u b (Y hl Z b ) = (pr Ec (Ad(fe- 1 )r),Ad(6- 1 )Z) = -(pr^Ad^F), Ad^Z) , 
for Y, Z G 6c (cf. ( .3j)- The second equality in 13.1fl follows from Proposition 3.1. 

3.2. The totally real X-orbit in the symplectic leaf. Our interest is not so 
much with P a as it is with its totally real submanifold 

M a = b(Ka) . 

Then uj induces a closed 2-form uj on M a by uj — uj | t M a x t M a ■ A priori it is not 
clear that u> is non-degenerate, i.e. that (M a ,uj) is a symplectic manifold. This will 
be shown now. We start with a simple algebraic fact. 

Lemma 3.2. With respect to (, ) one has 6 = 6c + 

Proof. Because of the non-degeneracy of (, }, it is sufficient to verify that ?c+b Q 6 . 
Clearly, 6c Q 6 since 6c is isotropic. As b = a + n, it thus remains to show 
that (6, a) = {0} and (6,n) = {0}. Now (6, o) = {0} follows from (2.3-4) and 
3fJK(t, a) = {0}. Finally we show that (6, n) = {0}. For that fix an arbitrary 
element W = (S a e£+ ^_.E ae K+ t) of n C j x g; here Y a G Q a . Likewise let 
U = {V + E QG s+( Z " + Za), V + E aeS +( Z « + Z <*)) be an element of 6 C q x ; 
here Fern and Z a eg". 

As m J_ re Q a and g Q _U / for a + j3 ± 0, we obtain 



(17, = ^2 ^{Z a + Z ai Y a ) - Hi K (Z a + Z ai Y a ) 
= ®K(Z a ,Y a ) - 5R K (Z a , Y a ) = . 

a€E+ 

This concludes the proof of the lemma. □ 
Lemma 3.3. At any point b G M a , the bilinear form uj b : T b M a x T b M a —> K is 

Proo/. Let 6 = &(/sa) G A7 a . Then b = kak' for some k £ K,k' G 7Q> Notice that 
T b M a = {Y b : Y G 6}. 

Assume that there is an U G 6 such that uj b (U b , Y b ) = for all Y G 6, i.e. 

(prjJAd^- 1 )?/), Ad(6" 1 )F) =0 V Y G 6. 

We have to show that L> b = 0. Set Z = pr {c (Ad(fe- 1 )C7). Then Ad(b)Z G t^. Thus 
Lemma 3.2 implies that 

(3.2) Ze Ad(&~ 1 )(6 c + J>). 
On the other hand, by definition, 

(3.3) Z G Ad(6- 1 )E + b c = Ad(fo- 1 )(6 + b c ). 
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From (33 and (J33J it follows that 

Z e Adib- 1 )^ + b) n Ad^- 1 )^ + b c ) = Ad(6- X )f|. 
Moreover, since Z is an image point of pr e , 

z e Ad(&- 1 ) nt c , 

i.e. 

AdO)Ze g nAd(6)«c. 

As b = kak' we now get 

Ad(b)Z £ 2 n Ad(fc)Ad(a)6 c = Ad(fc)(g n Ad(a)6 c ) . 
Using standard techniques (see pQ or |7j, Lemma 2), it follows from (2.1) that 

nAd(a)t c =3tpt) . 

Hence Ad(6)Z £ Ad(k)} t (X). 
From 

Ad(^ 1 )C/eZ + b c 

we conclude 

V e Ad(6)Z + b c c Ad(fc) 3e (X) + b c . 
Since 17 was assumed to lie in t, we finally get 

UeAd{k) M (X). 

But this just means that U b — 0, concluding the proof that uj b is non-degenerate. □ 

3.3. Hamiltonian torus action on the totally real leaf M a . It follows from 
Lemma 3.3 that (M a ,uj) is a compact symplectic manifold. Clearly, the torus 
T = exp(ja) acts on M a as K does. We wish to show that the action of T on M a 
is Hamiltonian and identify the corresponding moment map $ : M a — > t*, where 
t = ja is the Lie algebra of T. We will identify t* with a via the linear isomorphism 

(3.4) O^t*, Y ^ {Z ^ (iY, Z)) . 

We shall write pr oc : gc — ► <*c f° r the projection along 6c + tic- 

Proposition 3.4. The action of the torus T = exp(ja) on M a is Hamiltonian with 
momentum map 

$ : M a -> t* ~ o, b(ka) >-> 3 log a(fca). 

Proof. We first show that T = exp(ja) acts on M a by symplectomorphisms. For 
that we first notice that T normalizes Be- Hence the action of T on M a C Be is 
given by conjugation, i.e. 

T x M -> M Q , (t, 6) i > t.b = tbr 1 . 

Moreover, for each t E T the map Ad(i) commutes both with pr 6c and pr 6 . 
Combining these facts, it is then straightforward from (3.1) that T acts indeed 
symplectically on M a . 
Next we show that 

(3.5) w{Y,Z) = W,Zet. 
Fix b e M a . From the definition (|3.1|l we obtain that 

cj b (Y b ,Z b ) = (pr bc (Ad(&- 1 )r),Ad(6- 1 Z)) . 
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Now for Y,Z e twe have Ad(6" 1 )F e Y + n c and Ad(6" 1 )Z e Z + n c . From 
Proposition 3.1 we know (nc,n<c) = {0} and (fcc,tc) — {0}. Hence, to prove ((3.5(1 
it suffices to show (t, nc) = {0}. 

Let U = (JZ,jZ) G t and V = (E Qe s+ x * + jY a ,J2 ae x+ X a +jY a ) G n c , where 
Z G a and X a , Y a G g Q . Then, 

(17, V) = 51 + jY a ) - RjK(Z, X a + jY a ) = 0, 

aGE+ 

since g" _L K g' 3 for a + (3 ^ 0. 

Having established 1(3.5(1 the symplectic action of T on M a will be Hamiltonian 
with moment map $ if t,(Z)u> = d$z holds for all Z G t. Fix 6 G M n and F G t. 
With the identification 13.4(1 we then we compute 

d*z(6)(n) = ^ $z(6(exp(ty).&) 



d£ 
d 

df 
d 
dt 
d 
dt 



t=o 

(i$(b(exp(tY)b),Z) 

t=o 

i*(&(&exp(tAd(& _1 )y)),Z) 



t=o 

(i31oga(&exp(iAd(6- 1 )y)),Z) 

t=o 

= <i9fpr 8c (Ad(&- 1 )y),.Z) 
= <pr ac (Ad(&- 1 )y),Z). 

For the last equality we have used the fact that a _L t with respect to (, } (cf. Lemma 
3.2). 

On the other hand, 

(L(Z)uj) b {Y b ) = Lu b (Z b ,Y b ) = (pr tc (Ad(6- 1 )Z),Ad(6- 1 )r) 

= (Ad(6- 1 )Z,pr bc (Ad(lr 1 )y)) 

= (Z, P r bc (Ad(&- 1 )F)) 

= (^pr^Ad^r)). 

The last two equations hold because Ad(6 _1 )Z G Z + nc, and (t, nc) = {0}. □ 

3.4. Symplectic proof of the complex convexity theorem. As M a is compact 
and the action of T on (M a ,u) is Hamiltonian, the Atiyah-Guillemin- Sternberg 
convexity theorem E] asserts 

$(M Q ) = conv(*(Fix(M ))) . 

In this formula conv(-) denotes the convex hull of (•) and Fix(M a ) stands for the 
T-fixed points in M a . Standard structure theory implies that Fix(M a ) = W.a. We 
have thus proved: 

Theorem 3.5. Let G be a complex semisimple Lie group and X G fl. Then 
$S(loga(K exp(iX))) = conv(W.A) . 
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4. The complex convexity theorem for non-complex groups 

For real groups the totally real i^-orbits are no longer symplectic manifolds. 
However, they can be viewed as fixed point sets of an involution r on the compact 
symplectic manifold M a as introduced in Chapter 3. We will define r and show 
that it is compatible with the action of T in a way that the symplectic convexity 
theorem from [S] can be applied. 

Let go be a non-compact real form of the complex Lie algebra g. It is no loss 
of generality if we assume that go is ^-invariant. With t = 9o H 6 and po = 0o H P 
we then obtain a Cartan decomposition go = So + Po of go- We fix a maximal 
abelian subalgebra do of po which is contained in a. Write So = E(go, ao) for the 
corresponding restricted root system and set 

n a = {X e a : \a(X)\ < | Va e E } • 
As So = E| ao \{0} we record that 

(4.1) Q CD, and f2 = fi n a . 

It is no loss of generality to assume that Sj = S + 1 ao \{0} defines a positive system of 
Eg . We form the nilpotent Lie algebra no = © Q6S + So and record that no = go Htt. 

The analytic subgroups of G with Lie algebras go, to, io and no will be denoted by 
Go, K , Ao and No. If S = Go exp(if2 )(-?Q))c/(-£Q))c denotes the crown of Gq/Ko, 
then (4.1) yields a holomorphic Go-equivariant embedding 

(4.2) So - H . 

As described at the end of Subsection 2.1, there exists a map logeto : So = 
(A )c(A))c(^o)c -* (oq)c with logoo(l) = 0. Note that loga = loga|e - 

Let a denote the Cartan involution on go- We also write a for the doubly com- 
plex linear extension of a to qq. Likewise 9 also stands for the complex linear 
extension of 9 to gc- We will be interested in the involution T = 9oa = ao6on 
Qc (which is the complex linear extension of the complex conjugation on q with 
respect to go)- 

All these involutions on gc can be lifted to involutions on Gc/Kc and on Be, and 
we use the same letters to denote the lifts. 

Recall the definition of the symplectic manifold M a = b(Ka) from Chapter 3. 
Notice that M a is r-invariant. The connected component of the r- fixed point set 
which contains a is given by Q a = b(Koa). We also have a Hamiltonian action by 
the torus To = exp(jao) on M a . 

The following lemma describes certain compatibility properties of the actions of To 
and r on M a . 

Lemma 4.1. Consider the Hamiltonian torus action of To — exp(jao) on M a with 
momentum map $ : M a — > tg. Then the following assertions hold: 

(1) t o t = t o t^ 1 for all t £ To. 

(2) $or = $. 

(3) Q a is a Lagrangian submanifold of M a . 
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Proof. JU : For b = b(ka) E M a and £ E To, 

t.r(6) = t.b(T(k)a) = 6(tr(fc)a) = 6(r(i _1 fe)a) = r(t _1 .&). 

: We need to introduce some additional notation. 
Let 

n+ := 9 a C n, n" := g" a , and n° := g Q . 
oes+ qge+ «es+\K 

We denote by Ng , iV^ and A^ the analytic subgroups of Gc with Lie algebras , 
and n" , respectively. Notice that n = n° + n+ and therefore Ac = NgNji. It is 
important to observe that t(N£) = N£ but t(N^) F\Ng= {1}. 

Write t for a r-invariant complement of Oo + iao in Oc- Then ac = ao + iao + t. 
Let now x — ka for some k E K. Then x, t(x) E AcAc-fQ; and 

(4.3) x — n + riQbtk, t(x) — n,n btk 

with elements n + ,n' + E Ng , n ,n € A 7 ^, 6,6' E exp(ao + iao), t,t' E exp(t) and 
k,k'eK c . 

Clearly, J2J) will be proved if we can show that b 2 = (b 1 ) 2 (which forces b = b 1 by 
the comments at the end of Subsection 2.1). This will be established in the sequel. 
It follows from l|4.3(l that 

T (x) = n' + n' b't'k' = T(n + )T(n Q )bt~ 1 T(k). 

Since r leaves Ac invariant and 9 fixes each element of Kc, we obtain 

(4.4) r{x)d{T{x))- x = n'+nWyein'^ein'+y 1 

(4.5) = r(n + )T(n Q )b 2 e(r(n ))- 1 9(T(n + ))- 1 . 

Notice that n (6') 2 ^( n o) 1 an< ^ T ( n o)b 2 9(T(no))^ 1 belong to the reductive group 
Z Gc (A ), and recall that t(N£) = N+ and 9(N£) = N~ . Hence (4.4-5) com- 
bined with the Bruhat decomposition of Gc with respect to the parabolic subgroup 
Zq c (Ao)N£ forces that n' + — r(n+). But then we have 

n'oib'fein'o)- 1 = r(n )6^(r(no))- 1 

in Zg c (Aq). The components of Aq_c, the center of Zg c (Aq), on both sides must 
coincide, therefore 

(b') 2 = b 2 . 

© : Consider U,V £ t ,k e K and b = b(k a a) E Q a . From the formula 
for the symplectic form u> on M a we get 

Wb(fib,V b ) = (pr {c (Ad(6- 1 )C/),Ad(6- 1 )F). 

Now, both pr {c (Ad(6 _1 )f/) and Ad(6 _1 )F lie in go + *0o- But for general elements 
Xi,X 2 ,Yi,Y 2 E g we have 

(Ai + iX 2 , Y 1 + iY 2 ) = Rk(Xi + jX 2 ,Y 1 + jY 2 ) - $Ik(Xi + jX 2 , Y x + jY 2 ) 
= Rk(Xi,Yi) - ?Rk(X 2 ,Y 2 ) - SR«;(Xi,yi) +$Ik{X 2 ,Y 2 ) 

+$tK(X 1 JY 2 ) + &K{jX 2 , Y 1 ) - Rk(Xi, jY 2 ) - XK(jX 2) ?i) 
= 

The last equality is due to the invariance of k and the fact that X\, X 2 , Yi, Y 2 E go- 
This shows that u)b(Ub,Vb) = 0, i.e. Tt(Q a ) is isotropic. □ 

We recall the following symplectic convexity theorem jjj]. 
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Theorem 4.2. Let M be a compact connected symplectic manifold with Hamilton- 
ian torus action T x M — > M and momentum map $ : M — > t* . In addition, let 
t : M — > M be an involutive diffeomorphism with fixed point set Q such that 

(1) tor = rot- 1 for all t G T. 

(2) $OT = $. 

(3) Q is a Lagrangian submanifold of M. 

Denote the T -fixed subsets of M and Q by Fix(M) and Fix(Q), respectively. Then, 

$(Q) = $(M) = conv($(Fix(M))) = conv($(Fix(Q))). 

Moreover, the same assertions hold if Q is replaced with any of its connected com- 
ponents. 

With this result at hand we are now able to prove the complex convexity result 
for non complex groups. Write Wo for the Weyl group of So- 

Theorem 4.3. Let Gq be a non-compact connected semisimple Lie group with Lie 
algebra go ■ Fix an element X G Qq . Then 

(4.6) 3 log 00(^0 exp(iX)) = conv(W .X) . 

Proof. Define a = exp(iX). The left hand side in equality (|4.6|l coincides with 
<&(Qa) where $ = 9 o logoa is the momentum map on M a . Lemma |4.1l savs that 
conditions m Theorem 4.2 are satisfied. Therefore, 

31og5 (^oexp(zX)) = $(Q„) = conv($(Fix(Q a ))). 

Standard structure theory shows that Fix(Q a ) = b(Wo exp(iX)). This implies 
$(Fix(Q a )) = Wq.X, and finishes the proof. □ 
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